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Multi-dimensional chain rule

et f: RY — R be a differentiable function of D variables.

Let g1,...,9p : R — IR Dbe differentiable functions, the inputs of f

(91(),...,9p(x)) = f(g1(x),...,9p(T))

Then the multi-dimensional chain rule tells us the derivative to x IS

D

Of(g1(x),...,gp(x)) 3y Of(g1(x),...,gp(x)) Ogq(x)
Ox 0gq(x) Ox

d=1
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Neural Nets: Gradient of Error functions

25 e

» Use E(w) =) FE,(w)

OE (W)

ow

»  Evaluate

» For general feed-forward network:

»  Output/hidden activations: aj(”: wj(il)zi(l_l)
]

» Output/hidden units: z¥ = A%

» Forward propagation: Compute all a; and z;

oLt

n

l
&wj(i )

» Back propagation: Compute all derivatives
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Neural Nets: Gradient of Error functions
OE,

» Back propagation: Gompute all derivatives WG
Wi

corresponding to input X,

' ' . ) D, (-1
» En only depends on w;; through activation: & = ) wi’z™"

0E, OE, 0a

O A0 A0
dwji daj 6wji

» Define “node error”
¢ = )Gn O
J 50\3 O

»  Then
’C .8 d a3 ©
d e R A AU @

N\
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Neural Nets: Gradient of Error functions

» Back propagation: - First compute all 0;

oE, 35
- Then update all derivatives - ' SO
aWji P) (}(/1]‘ L
\J
» We now omit layer indices and identify the layers with the indices i, j, and k
zl.(l_z) = Z;
(I-1) _
Z. — Zj
D _
ZIE) =

» Now let’s compute
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Neural Nets: Gradient of Error functions

Back propagation: - First compute all 9;

Then update all d oLy g
- Then update all derivatives _ . :
P aW]l 9 % v

We now omit layer indices and identify the layers with the indices i, j, and k

S Cnl o A leya )

Now let’s compute |||

5j = = 2 da . K
da & < OO |
g) é OU( SK
Y
E(ay, ..., ag) depends on output activations a, gl
Outputs ay(ay, ..., ay) inturn depend on a; of previous layer o

Use multi-dimensional chain rule!
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Neural Nets: Gradient of Error functions

v

Back propagation: - First compute all 5]- 3
En

aWji

- Then update all derivatives

:go'}[,

v

We now omit layer indices and identify the layers with the indices i, j, and k

da da
» S0 6= Z 5ka_; “then let’'s compute —~ (Recall: q, = ZZjWkJ')
k J |

Oa; I (Z Wk)' Jf\(aj )) ©

daj B éa\') J

= Wi e (%\)

Thus

v
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Forward and Backward Propagation

Forward propagation:

» For input X, compute all hidden and output activations a; and units z;.
—Z_ W L /f/\ (dl :)

Backward propagation:
‘/

»  Compute 9, for all output units.

§k - i’j“h — Cﬁh"(ﬂb)

» Compute 5J for all hidden units through back-prop

l
(Careful with skip connections!) g — /ﬁL (a' ) Z W;L“ gk
U - e J

000006

»  Compute derivatives iy
V. = b, 2L \(.Sk ﬁ)
oOWs:

’ o (u.:ab )) 7""0 &
ll'l ﬁxmxrwl " ﬁ (WPM )’ o

terative weight updates: whe-e j &3

Ag . - '. Connechow> ‘h node and the coteepr!

UJe 0\4);5 : g L
(Tee2 e B = d; Z noooY
W; . = \/\/3; - /7 gd D S;, /i”( )mo‘;
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Starting the baokpropagation

» For regression: E(w Z{y Xp, W) =ty }”

y(Xna W) — Yn = aout

OF,
out __ _ L
0 - Hagout Yn — ln
N K
» For classification with K classes: E(w) = — » » tng Inyg(xn, w)
n=1 k=1

out

exp(ag™)

K u
Zg 1eXp( 2 t)

Yk (Xn, W) = Yrn =

oOFE,

5OUt 8 OU.t — ykn T tk:n
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Example: Backpropagation with tanh

» Two layer neural network:

»  Regression with K outputs: y, = a}gz)

, Hidden units: Z] = h(a]) — tanh(aj(l))

a a

e” —e
. Activation function hA(a) = tanh(a) =
ed+ e
»  Has derivative h'(a) = 1 — h(a)?
Inputs hidden units  outputs Error function E = Z (7, — tk)z
k
»  After forward propagation, compute:
o =Yk — I
»  Backpropagate using: Update weights in first and second layer using:
K OE OE
— _ 2 (2) sout n _ S5 n__ gout,
6 =(1 Zj)z Wy 6 D 0;X; and 0w,§.2) 0%,
k=1 Ji ]
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