Informatics Institute

X T D / '
UNIVERSITY OF AMSTERDAM A NL AB

Machine Learning Lab

Machine Learning 1

Lecture 4.2 - Supervised Learning
Bias Variance Decomposition

Erik Bekkers

(Bishop 1.5.5, 3.2)

Slide credits: Patrick Forré and

Rianne van den Berg Image credit: Kirillm | Getty Images




Expected Loss for Regression

Frequentist viewpoint of model complexﬂy

» Regression loss function: L(t, y(x ( b L‘jCX))

» Expected loss: E|[L(t, y(x))] :ff( £ —gjL% )) pCX ,_JC_MK d_é
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»  Optimal y(x) minimizes E[L(t, y(x))]

ylx) = /ELE1=x]
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Expected Loss for Regression

» Decomposition of expected loss:

tix] + Eft|x] — t)? p(x, t)dtdx
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Minimizing the Expected Loss
812 = [ {y(x) — Eltix] Pp0odx + [ varftxp(x)dx

»  Optimal solutionis y(x) = J= (& < | [l nocon )
(&éﬁ\,é))\ = /( D_{A/)é,u)é Z‘D,
' - OZ

» Frequentist approach: estimate  yp(x) = y(x,w™) based on
dataset D

»  Only finite dataset observed:

» Estimate performance of learning algorithm by averaging the
expected loss over learned yp(X) for different datasets D

ol (vp() — Ef7[x]) 7]
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Bias-Variance Decomposition
E[EpIL]] = [ED[(yD(X) — E[¢] X])z]p(X)dX + Jvar[t | x]p(x)dx
»  Bias-Variance decomposition:

Ep[{yp(x) - E[t|x]}*] = Ep[{yp(x) — Enlyn(x)] + Ep[yp(x)] — E[t|x]}"] =

> e

?
:/EDEQUOCVS) //Ew[bocg-)]DZ + C/Elo[ S‘OC{():) —ELEIX])
{WDQ@JH”E DE’D‘Aj J

» Expected loss decomposition:  E[E,[L]] = (bias)* + variance + noise

(bias)? = f(/Ep [ ‘jDC&)l ’/ECH”EJ)Z C2 ) A

variance = f(/EDC(gDCf) ——/Eb(goiéﬂ)z} (aﬁg)/lx

noise = /Var[t\x]p(x)dx
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Bias-Variance Decomposition: Example
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» L predictions with 24 Gaussian 7 ol

basis functions
y D (z) = (W) T ¢(x) S 7 T
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Eplyp(z)] = y(x) 6 Wt var- o o Jora> i

Figure: bias-variance decomposition (Bishop 3.5)

Machine Learning 1 7



Bias-Variance Decomposition: Example

Estimate the bias and variance:

 (bias)? = / (Eplyp(@)] — Bltle]}?p(z)da

( N - - 7
= — > (gtx) - EL6IxY]
N N >,

1 L

Eplyp(x)] = T Zy(l)(fb’) = y(z)

[=1

» variance :/ Cp{yp(x) — Eplyp ()] }]p(x)de
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Bias-Variance Decomposition: Example
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Figure: bias-variance decomposition (Bishop 3.6) b de
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Bias-Variance decomposition

» |n practice we don’t want to split our dataset into L datasets

to determine the best model complexity (best value of \)

» Better to keep large dataset,
» Less overtitting.

»  Different optimal model complexity!

» Bayesian regression!
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