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Maximum Likelihood Principle

» Dataset D = (x1, X2, ..., xn) Of N independent observations.
» Likelihood of the dataset: (Dlw )

»  Maximum likelihood principle: the most likely “explanation” of
D s given by wwm which maximizes the likelihood function

» 1.i.d. assumption: each xi e %IS independently distributed
Aty ek
according to the samé distritsution, conditioned on w.
-Same dist

€T ~ ‘OCZ W)

» |f 1.1.d., Joint distribution
N

p(D|w) = p(x1, 22, ..., tN|W) = 7_7_— 0 x| W)

|
Lo |
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Maximum Likelihood Estimation

»  Maximum likelihood estimation wwui

N
wr, = arg max p(D|w) = arg max H p(x;|w)

wW W ;
1=1

numerical underflow/overflow
» How do we maximize?

» Maximize log- Iikelihood instead:
Wi, = arg max Hp(x |w) = &9 M AX /63/ 7/ P(X
/\17—1 Lo
= Ard Max 2, /65L Pl | D
U=

D
» Error function: E(D;w) = —logp(D|w) = Zlogp T;|w)
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ML Estimator for Gaussian Distributions (l)

» 1.1.d. Gaussian distributed real variables D = (x1,za, ..., zn)

plelw) = N(zip,of) wf p(Dlo®) = s T exp | gt

((7(5(,/ Ko X, S met) = plx | pms*) plealpe, 60 0

o A Log likelihood
C\lo\ log} ﬁOgP(D\M o%) = 209 @rré“zj %
N
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» Estimate model parameters:  py,;, 07, = argmax log p(D | u, 6%)

o Z@g «oCP,//M,@z) =D

o solve for g => ot
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ML Estimator for Gaussian Distributions (1)

» log likelihood:
2 N 2
logp(Dlu, o) = —510g27m — Z
= U(//@ . o (xem)
»  Maximum Likelihood solution for u ’u
a —_—
a—MIOgP(D‘M,UQ): 2 2 %( Z()(b /UL) = O
N //_\)
= Z2(xi-u?) = O
u=(
< N N
=~ S W= Zx
Oz ( w7 sample mean
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ML Estimator for Gaussian Distributions (ll)

» log likelihood:
N 1 &
log p(D|p, 0°) = Y log 2m0® — 52 > (i —p)? \
O : —
1=1 Q/ J/Z i"‘"iéfj
W
»  Maximum Likelinood solution for ¢ g A) .
i 2y — _ /V —L—. ’ — "
552 10gp(Dlp,07) = 7 Lt M + Y Z(CXU )
26“47 N - O
s 2
= - No® + = (xr-m) =6
o> |
"
N
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ML Estimator for Gaussian Distributions (IV)

» How well do the ML estimators represent the true

N _
arameters? o 1 1 2
p p(D‘ILL?O- ) T (27T0'2)N/2 Hexp [

1=1

rf draw multiple datasets, what is the expected value of pmL"?

2 N, XY D e T, o) XS

> I\/IL estlmate of the mean y

Ep~p(Dlp,o)ime] = E | = ZZTJZ —’72 /Fovp(pwfz) (:)(C]

1Y ' )
= /Ug/EJ(O’FCXI/AKL)EJ(BZ"’Z/A =

» Blas of estimator:
ClpmL] —p =0
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ML Estimator for Gaussian Distributions (V)

» ML estimate of the _variance:

, I < 1 i 2
EDNp(Dlﬂ,GZ)[GML] =E |— A Xn
N =1 N n=1

N2 ‘
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ML Estimator for Gaussian Distributions (V)

» ML estimate of the variance:

_ o _
=— ) E |(xi — — xn)2
N B |y 2
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ML Estimator for Gaussian Distributions (V)

» ML estimate of the variance:

L3 _xz_Z_xzx LI

=1 m=1 n=1
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ML Estimator for Gaussian Distributions (V)

» ML estimate of the _variance:

, l 1y o\
[EDNp(DI,u,o-z)[GML] = [t N X — N 2 Xn

_ ' ;_ 2 2 @ — 5% — /\/

- ; 7T _7 2
et i =) ceulx, 612 [BLct) — Bl s

E[CEZCBJ] = < . - /) i
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ML Estimator for Gaussian Distributions (VI)

» For data generated from

p(Dl, 02) - (2%012)N/2 Hexp {_ﬁ(xi — M)ﬂ

» ML gives biased estimator
el 9

E[Jl%/IL] — -’/‘\7

-_—

»  Unbiased variance estimator:

N
4
7= 2L &5t o= 7‘;, 2 (x: M)

/l/’/ ML
IB L&) =a"%
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Biased Maximum Likelihood Estimator

(c)

Figure: Bias in ML estimator for variance (Bishop 1.15)
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