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Machine Learning 1

‣ Maximizing the margin: 

                      subject to  constraints  

‣ We decided to “calibrate”  s.t. for the nearest point   

‣ Then the size of the margin is given by    

‣ And for all data points we have   

arg min
w,b

1
2 ∥w∥2 N tn(wTxn + b) ≥ 1

w tn(wTxn + b) = 1
1

∥w∥
tn(wTxn + b) ≥ 1
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Machine Learning 1

‣ Maximizing the margin: 

                      subject to  constraints  

‣ Primal Lagrangian function: 

                      

‣ With KKT conditions: 

         (primal feasibility)                            for      

         (dual feasibility)                                                        for      

         (complimentary slackness)       for      

‣ Dual Lagrangian obtained via (stationarity conditions)  ,      

                      

‣ Solution:                          

arg min
w,b

1
2 ∥w∥2 N tn(wTxn + b) ≥ 1

L(w, b, a) = 1
2 ∥w∥2 −

N

∑
n=1

an{tn(wTxn + b) − 1}

tn(wTxn + b) − 1 ≥ 0 n = 1,…, N
an ≥ 0 n = 1,…, N
an(tn(wTxn + b) − 1) = 0 n = 1,…, N

∂L
∂w = 0 ∂L

∂b
= 0

L̃(a) = min
x,b

L(x, b, a)

a* = arg max
a

L̃(a) w*, b* = arg min
w,b

L(w, b, a*)
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Machine Learning 1

‣ Primal Lagrangian function: 

                      

      with Langrange multipliers:      for      

‣ First step towards dual Langrangian: obtain stationarity conditions 

                                   

                                              

‣ Eliminate  and  from  then gives the dual representation!

L(w, b, a) = 1
2 ∥w∥2 −

N

∑
n=1

an{tn(wTxn + b) − 1}

an ≥ 0 n = 1,…, N

∂L
∂w = wT −

N

∑
n=1

antnxT
n = 0 → w =

N

∑
n=1

antnxn

∂L
∂b

= −
N

∑
n=1

antn = 0 →
N

∑
n=1

antn = 0

w b L
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‣ Stationarity conditions: 

                                   

                                              

‣ Eliminate  and  from  then gives the dual representation! 

‣ Primal:   ,      with  for  

‣ Dual:               

                                                   with  for  

                                                                                                                                and with 

∂L
∂w = wT −

N

∑
n=1

antnxT
n = 0 → w =

N

∑
n=1

antnxn

∂L
∂b

= −
N

∑
n=1

antn = 0 →
N

∑
n=1

antn = 0

w b L

L(w, b, a) = 1
2 wTw −

N

∑
n=1

an{tn(wTxn + b) − 1} an ≥ 0 n = 1,…, N

L̃(a) =

=
N

∑
n=1

an − 1
2

N

∑
n=1

N

∑
m=1

anamtntmxT
n xm an ≥ 0 n = 1,…, N

N

∑
n=1

antn = 0
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Machine Learning 1

‣ The dual representation of the maximum margin, where we maximize w.r.t. : 

                      

      with constraints:         for  

                                       

‣ Apply the KERNEL TRICK: replace  with  

                      

‣ Advantage: can now learn complex nonlinear decision boundaries!

a

L̃(a) =
N

∑
n=1

an − 1
2

N

∑
n=1

N

∑
m=1

anamtntmxT
n xm

an ≥ 0 n = 1,…, N
N

∑
n=1

antn = 0

xT
n xm k(xn, xm)

L̃(a) =
N

∑
n=1

an − 1
2

N

∑
n=1

N

∑
m=1

anamtntmk(xn, xm)
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Machine Learning 1

‣ Prediction of class for datapoint : 

               

‣ Use  so that  

                         

‣ Remember the KKT conditions: 

         (primal feasibility)                            for      

         (dual feasibility)                                                        for      

         (complimentary slackness)       for      

‣ Support vectors lie on maximum margin hyperplanes 

                                      (support vectors) 

                                      (all other points)

xn

y(xn) = wTxn + b

w =
N

∑
n=1

antnxn

y(x) =
N

∑
n=1

antnxT
n x + b → y(x) =

N

∑
n=1

antnk(xn, x) + b

tn(wTxn + b) − 1 ≥ 0 n = 1,…, N
an ≥ 0 n = 1,…, N
an(tn(wTxn + b) − 1) = 0 n = 1,…, N

an > 0 → tn y(xn) = 1
an = 0 ← tn y(xn) > 1
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‣ Prediction of class for datapoint : 

                         

‣ Find  by using that  if  lies on the margin boundary! (  is a 

support vector) 

‣ Then      

                             

                                                             

‣ More stable to average over all support vectors (depending on optimizer,  may not be perfect) 

                                                           

x

y(x) =
N

∑
n=1

antnxT
n x + b → y(x) = ∑

m∈S
amtmk(xm, x) + b

b tnyn(x) = 1 xn xn

tn ( ∑
m∈S

amtmk(xm, xn) + b) = 1

∑
m∈S

amtmk(xm, xn) + b = tn

b = tn − ∑
m∈S

amtmk(xm, xn)

an

b = 1
NS ∑

n∈S (tn − ∑
m∈S

amtmk(xm, xn))
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‣ Maximum Margin Classifier with Gaussian Kernel 

           ,   with    

‣ Dataset is not linearly separable 

‣ Nonlinear kernel can still separate the data perfectly!

y(x) = ∑
m∈S

amtmk(xm, x) + b k(xn, xm) = exp (− 1
2σ2 ∥xn − xm∥2)

9

Maximum Margin Classifier

><

The result

4504 SUPORT VECTOR MACHINES

(Bishop 7.2)

marg

Iaea
: wir

margin - x


