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Lecture 11.2 - Kernel Methods

Kernel Trick - Valid Kernels
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‣ Formulate your optimization problem in such a way that the input vectors 

 enter only in the form of scalar products: 

                                         (or when using basis functions ) 

‣ Replace all instances of  with a kernel function 

                     

‣ Kernel  corresponds to a scalar product in some (possibly infinite 

dimensional) feature space. 

‣ Valid kernel: Gram Matrix  must be symmetric positive semi definite for 

all possible choices of 
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Kernel Trick/Kernel substitution

→ store in Gram matrix
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‣ Construct kernel from explicit set of basis functions: 

                  

                 

k(x, x′ ) = ϕ(x)Tϕ(x′ ) =
M

∑
i=1

ϕi(x)ϕi(x′ )

k(x, x′ ) = ϕ(x)TΣϕ(x′ ) = ψ(x)Tψ(x′ ) =
M

∑
i=1

ψi(x)ψi(x′ )
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Constructing valid kernels

Σ = UTΛU
Σ1/2 = UTΛ1/2U

ψ(x) = Σ1/2ϕ(x)

ϕi(x)

k(x,0)

polynomial Gaussian sigmoid
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‣ For every positive definite kernel there exists  such that 

                           

‣ Depending on the kernel,  can be infinite! 

‣ In general difficult to retrieve the corresponding  for a given kernel

ϕ : ℝd → ℝM

k(x, x′ ) = ϕ(x)Tϕ(x)

M

ϕ(x)
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Deriving the corresponding feature vector
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‣ Polynomial kernel of order  for  

     

                

                

                

‣ And thus the corresponding kernel 

M = 2 x, z ∈ ℝ2

k(x, z) = (1 + xTz)2 = (1 + x1z1 + x2z2)2

= 1 + 2x1z1 + 2x2z2 + (x1z1)2 + (x2z2)2 + 2x1z1x2z2

= (1, 2x1, 2x2, x2
1 , x2

2 , 2x1x2)T(1, 2z1, 2z2, z2
1 , z2

2 , 2z1z2)

= ϕ(x)Tϕ(z)

ϕ(x) ∈ ℝ6
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Example: polynomial kernel

= ( I t X, Z , t K Zz )( I tX, Z, ta tz )
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‣ Generalized polynomial kernel 

                  

‣ Gaussian kernel/squared exponential kernel: infinite dimensional space! 

                  

‣ Radial basis functions:  

                 

k(x, x′ ) = (c + xTx′ )M

k(x, x′ ) = exp(− 1
2σ2 | |x − x′ | |2 )

k(x, x′ ) = k( | |x − x′ | |2 )
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Examples

→
&CI) e ppm

-

-a



Machine Learning 1 7

Construct new kernels from other kernels

Example Bishop
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