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Probabillity theory
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Probability theory (Bishop)

Provides a consistent framework for the
guantification and manipulation of uncertainty:.

e —

Uncertainty in pattern recognition
e Noise on measurements.

e [inite size datasets.




Probabillity theory

Frequentist interpretation

e Probability of event: fraction of times event
oCccurs in experiment

Bayesian approach

e Probability: quantification of plausibility or
the strength of the belief of an event.
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Random variables

Random variable X

e Stochastic variable sampled from a set of possible
outcomes o .~

e Discrete or continuous

e Probability distribution p(X). PC)C> 26 b6 x- K

3

Examples of discrete random variables:

n
e Throwing a dice: X={12 _ ¢ plx) = "¢ e X
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Two discrete random variables (I) ..

X}(X' ;7 = X55
2 random variapbles \/>
b8, )
N trials: sample both X and Y.

Joint probability Li

Figure: 2 random variables (Bishop 1.10)
n :‘ '
() pX=x,Y=y)= __—
— C/pp XD
Marginal probability of X1 p(X = x;) = "/ /J// =

(*K)
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Two discrete random variables (ll)

&

o

e 2 random variables X l \(

Yi 0y

e Conditional probability of Y given X:

}7

PCV c9J /X ¢ )’" U/C \iadomaabls(83h0p11o)

* Remember: p(X = x)_ﬁ

p(X =x,Y =y,) = n_jifj - P(Y”&Jf %2JC&)‘ CE

\Pco O(,Lu," wle

PCK X o8 D= P fowd POXox)
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Example: Marginal & Conditional distributions
X\,L( D:EK;IHCK?:G(

p(X.Y p(Y)

(XY =1)

: dl= o)

A%
Figure: Marginal and conditional distributions (Bishop 1.11) Z ?(\G ’
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Continuous Random Variables

> Probability of « € R falling in the interval (x,x + dx) is given

oY el AKX
»  p(x) : probability density over x L
»  Probability over finite interval  p(x € (a,b)) = f kOCDC) Ol X

e >
»  Positivity: p(x) >0
= 20
»  Normalization: / ‘o(;g) dx = [
-

» Change of variables x = g(y), probabilities in (x, x + dx)

must be transformed to (y,y + dy) A x

p()dx =p(y)dy == p(y)= Px () / 4y /

1

4
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Continuous Random Variables
C(AM/J'{N' OK"P“%' A

x AJ
- f p()c) dx
—

v/ 5
Figure: probability density and cumulative distribution function (Bishop 1.12)
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The Rules of Probability Theory

For random variables X< Xand Y ¢ Y:

Additivity p(X €A)=) p) \OQC e[a,,k)) =fp(x:)d>(

Positivity p(x) >0 p(x) >0

Normalization « (o) = / p(r)dr =1
X

p(x) = Zp(xay) P(Z) :‘f PL{QJ)O‘_S
T

Product Rule p(z,y) = p(zly)p(y) p(z,y) = p(z|ly)p(Y)
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Bayes Theorem

v

Product rule  p(x,y) = p(x|y)p(y)

Ny
»  Symmetry property P(g. x) = (DC@I.)C) ()C)C—J

¢3 (o)
Bayes rule # F{ Y ) P U'P) (,f_)

v

»  Denominator: 2 P(.BDL) =
L(j&

ew% Pxiglely = | & P 2 pCx(9)ply )

Machine Learning 1 11



Bayes Theorem be\-\ % kw,m\v J

v

v

v

Bayes rule p(y|z) =

ply) : the prior probability of Y =y @ (ter // bhste obsproly,

o~
p(y | X) : theposterior probability of Y =y Q&-’v @quum& X

p(X | y) : the likelihood of X = x given Y =y

p(X) : the evidence for X = X
R
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